Unit 13:

Solutions to Workbook Exercises

Natural Deduction Proofs (IV)

Examples of proofs:

Example 1

1L | (A—=B)*(B—A)
2. A

3. A—>B

4, B

5 B

6 B—o>A

7 A

8. | A=B
Example 3

1 AvB

2. |A=(C+D)
3. |B>(D-0G)
4 A

5. CeD

6. D

7. B

8. DG

9. D

10. | D

Pr.

Assp (slnt)
*Elim1

—Elim3, 2

Assp (=Int)
*Elim1
—Elim6,5
=Int 24, 5-7

Pr.
Pr.
Pr.

Assp (VEIim)
=Elim2, 4
*Elim5

Assp (VEIim)
—Elim3,7
*Elim 8

Example 2

A=B
C=D

@

WOO WX >
w)

W)

OO0 >»m®

AsC
(A+C)=(B+D)

Example 4

1
2.

ONOO AW

VvElim 1, 4-6, 7-9

(A+B)—>C
Be+~C

Example 5

1
2.

NogOrM®

~A—>B
B—->A

Pr.
Pr.

Assp (slnt)
*Elim 3
=Elim 1,4
*Elim 3
=Elim2, 6
eInt5, 7

Assp (slnt)
*Elim 9

=Elim 1, 10
*Elim 9

=Elim 2, 12
Int 11, 13
=Int 3-8, 9-14

Pr.
Pr.

Assp (~Int)
*Elim 2

Int 3,4
—Elim1,5
*Elim 2

~Int 3-6, 3—7

Pr.
Pr.

Assp (~Elim)
R3
—Elim1,4
—Elim2,5
~Elim 3-6, 3-4
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=Int.l.a.

(@

3 B Assp (=Int)

5 A

6 A Assp (=Int)

8 B

9| B=A =Int 3-5, 6-8
(©)

3 B—>C Assp (=Int)

5 C—>B

6 C—oB Assp (=Int)

8 B->C

9| (B—->C)=(C— B) =Int 3-5, 6-8
—Int.L.b.
@

3 D Assp (=Int)

5 A

6 A Assp (=Int)

8

9| D=A =Int 3-5, 6-8
(©

3 ~~B Assp (=Int)

5 ~(A «~B)

6 ~(A *~B) Assp (=Int)

8 ~~B

9| ~B=~(A+~B) =Int 3-5, 6-8

(b)

(0]

(b)

o

(d)

o

C Assp (=Int)
~A
~A Assp (=Int)
C

C=~A =Int 3-5, 6-8
AvC Assp (=Int)
~C—->A
~C—>A Assp (=Int)
AvC

(AvC)=(-C—A) =Int 3-5, 6-8
A—>C Assp (=Int)
C—->B
C—>B Assp (=Int)
A->C

(A—>C)=(C—-B) =Int 3-5, 6-8
A=B Assp (=Int)
C
C Assp (=Int)
A=B

(A=B)=C =Int 3-5, 6-8

Logic Self-Taught — Unit 13. Natural Deduction Proofs (V)

s13-2



=|nt.Il.

(a) Provethat: C=D

1
2.

> w

(c) Provethat: A=C

1
2.

AvC

De«~A

©NOo O

C=D

A=B
B=C

g »

© N

>

> WO O W>

@

Pr.
Pr.

Assp (=Int)
*Elim 2

Assp (=Int)
*Elim 2
DS1,6

=Int 34, 5-7

Pr.
Pr.

Assp (=Int)
=Elim1,3
=Elim2, 4

Assp (=Int)
=Elim2, 6
=Elim1,7
=Int 3-5, 6-8

(b) Provethat: ~A=~C

1
2.

~AvC
Av~C

(d) Provethat: D

1.
2.

w

o o

(A=A)—>B
B=D

> >

O >
i
>

Pr.
Pr.

Assp (=Int)
DS2,3

Assp (=Int)
DS1,5
=Int 34, 56

Pr.
Pr.

Assp (slnt)
R3

=Int 34,34
—Elim1,5
=Elim2, 6
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vElim.l.a.

@

2| BVA

3 B

5 C

6 A

8 C

9|C

(©

2| (D>A)V(AVO
3 DA
5 ~-B=A
6 AvC
8 ~B=A
9| ~-B=A
vElim.l.b.

@

2| DvB

3 D

5 C

6 B

8 C

9|C

©
2|Cv(AvB)
3 C

5 ~Dv ~B
6 AvB
8 ~Dv ~B
9|~-Dv-~B

Assp (VEIim)

Assp (VEIim)

vElim 2, 3-5, 6-8

Assp (VEIim)

Assp (VEIim)

vElim 2, 3-5, 6-8

Assp (VEIim)

Assp (VEIim)

VvElim 2, 3-5, 6-8

Assp (VEIim)

Assp (VEIim)

vElim 2, 3-5,6-8

oo

~~~
w NS

(o]

—~~
w NS

oo

B—->A
B—>A

AvB

CvVvA

CVvA
CVvA

(A—>B)v(B—A)
A—>B

AvB

B—A

AvB
AvB

Assp (VEIim)

Assp (VEIim)

vElim 2, 3-5, 6-8

Assp (VEIim)

Assp (VEIim)

vElim 2, 3-5, 6-8

Assp (VEIim)

Assp (VEIim)

vElim 2, 3-5, 6-8

Assp (VEIim)

Assp (VEIim)

vElim 2, 3-5, 6-8
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vElim.l.c.

@)

2| Av-~A

3 A Assp (VEIim)

5 C

6 ~A Assp (VEIim)

8 C

9|C vElim 2, 3-5, 6-8
(©)

2| (AvB)v(B=C)

3 AvB Assp (VEIim)

5 ~B

6 B=C Assp (VEIim)

8 ~B

9|-B vElim 2, 3-5, 6-8
vElim.II.

(a) Provethat: D v G

1. | ~AvB
2.|~A—>B
3. ~A
4. B

5. B

6. B

7.1 B

(c) Provethat: D v G

1. |AvB

2. |(AvC)—>D
3. |G=(-AvB)
4, A

5. AvC

6. D

7. DvG

8. B

9. ~AvB
10. G

11 DvG
12. | DvG

Pr.
Pr.

Assp (VEIim)
—Elim2,3

Assp (VEIim)
R5
vElim1, 34,56

Pr.
Pr.
Pr.

Assp (VEIim)
vint 4
—Elim2,5
vint 6

Assp (VEIim)

vint 8

=Elim 3, 9

vint 10

vElim1, 4-7,8-11

Assp (VEIim)

Assp (VEIim)

vElim 2, 3-5, 6-8

(A+B)v (B-A)
A+B

(b) Provethat: C

1
2.

ok w

AvB
(A->Ce(B—-C0C

© 0N

A

A—-C

Assp (VEIim)

Assp (VEIim)

vElim 2, 3-5, 6-8

Pr.
Pr.

Assp (VEIim)
*Elim2
—Elim4, 3

Assp (VEIim)
*Elim 2
—Elim7,6
vElim 1, 3-5,6-8
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(d) Provethat: H < B (version 1)

1. |A-B
2. |A—=(GvH)
3. G=H
4. | B

5 | A

6. |GVvH
7. G

8. H

9. HeB
10. H
11 HeB
12. |HB

(e) Provethat: G H

1 |A*B
2 |A—>(GvH)
3. G=H
4, | A

5 | GvH
6. G

7. H

8. G+H
9. H
10. G

11 G+H
12. | G+H

Pr.

Pr.

Pr.

*Elim1
*Elim1
—Elim2,5
Assp (VEIim)
=Elim3,7
eInt 8, 4

Assp (VEIim)
Int 10, 4
vElim 6, 7-9, 10-11

Pr.

Pr.

Pr.

*Elim 1
—Elim2,4
Assp (VElim)
=Elim 3, 6
*Int 6, 7

Assp (VEIim)
=Elim3, 9

eInt 10, 9

VElim5, 6-8, 9-11

(d) Provethat: H « B (version 2)

ok wNE

© ~N

9.

10.
11.
12.

A+B Pr.

A— (GVvH) Pr.

G=H Pr.

B *Elim1

A *Elim1

GvH —Elim2,5
G Assp (VEIim)
H =Elim3,7
H Assp (VEIim)
H R 10

H vElim 6, 7-8, 9-10

HeB eInt11, 4

(f) Provethat: D

1.
2.
3.

o

10.

11.
12.
13.

14

(BvA)—D
Av(BvC)
C=D

Pr.
Pr.
Pr.

Assp (VEIim)
vint 4
—Elim1,5

Assp (VEIim)

Assp (VEIim)
vint 8
—Elim1,9

Assp (VEIim)

=Elim 3, 11

vElim 7, 8-10, 11-12
vElim 2, 4-6, 7-13
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Exercises on Applying ~Int

~Int.l.a.
p ~p

@ A ~A

(b) AvB ~(A v B)

(0) ~(A+B) ~~(A*B)

(d) ~A v B ~(~A v B)

(e ~~A ~~~A

(f) ~B ~~B
~Int.L.b.
@

3| |B Assp (~Int)

5| |~C

8| | C

9| ~B ~Int 3-5,3-8
(©

3| |-B Assp (~Int)

5 ~CvD

8| |~(~CvD)

9| ~—B ~Int 3-5, 3-8
~Int.l.c.
@

3| [C Assp (~Int)

5| [~A

8| | A

9|-~C ~Int 3-5, 3-8
(©

3| |[AvB Assp (~Int)

5| | ~(C+B)

8| |C+B

9| ~(AvB) ~Int 3-5, 3-8

p ~p
() Ce~D ~(C--~D)
(h) ~A =~(A *B) ~(~A = ~(A + B))
0] ~(C—B) ~~(C - B)
@ ~A=C ~(~A=0C)
(k) ~~~C ~~~~C
0} ~B+B ~(~B+B)
(b)
3| |AvB Assp (~Int)
5| | ~C
8| | ~C
9| ~(AvB) ~Int 3-5, 3-8
(d)
3| |~A-~B Assp (~Int)
5| |~C
8| | ~~C
9| ~(~A «~B) ~Int 3-5,3-8
(b)
3| [-A Assp (~Int)
5| |~B
8| |B
9| ~A ~Int 3-5, 3-8
(d)
3| |~«A>B) Assp (~Int)
5| |~C
8| | C
9| ~A —B) ~Int 3-5, 3-8
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~Int.1l.

(a) Provethat: ~A

1
2.

(©)

(d) Prove that: ~(A = B)

1
2.

A—B
A—-~-B

o 0k w

wN e

A->C
B—~-D
~Ce+~D

©oNOo O

~(A+B)

(A=B)—>C
~(CvA)

e

|A=B

C

CvVvA

~(CvA)
~(A =B)

Pr.
Pr.

Assp (~Int)
—Elim1,3
—Elim2,3
~Int 34, 3-5

Prove that: ~(A « B) [wergaA]

Pr.
Pr.
Pr.

Assp (~Int)
*Elim4
—Elim1,5
*Elim 3

~Int 4-6, 4-7

Pr.
Pr.

Assp (~Int)
—Elim1,3
vint 4

R2

~Int 3-5, 3-6

(b) Prove that: ~~C

1
2.

CeB

o0k w

Pr.
Pr.

Assp (~Int)
*Elim1

R3

~Int 34, 3-5

(c) Provethat: ~(A « B) [wergaB]

wN e

A—-C
B—~-D
~Ce+~D

©oNo O

Pr.
Pr.
Pr.

Assp (~Int)
*Elim4
—Elim2,5
*Elim 3

~Int 4-6, 4-7
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~Elim.l.a.

(@

3| |~A
5| |~C
8| | C
9|A
(©
3| | <A—>B)
5 ~CvD
8 ~(~Cv D)
9 A—>B
~Elim.l.b.
@
3| [~—C
5| | ~(A+B)
8| |A*B
9|-~C
(©
3| | ~(~-A=B)
5| |~(~Ce+B)
8| |~C+B
9| ~A=B

Assp (~Elim)

~Elim 3-5, 3-8

Assp (~Elim)

~Elim3-5, 3-8

Assp (~Elim)

~Elim3-5, 3-8

Assp (~Elim)

~Elim 3-5, 3-8

(b)

o

(d)

o

~(B v C)

BvC

~(A > B)

~(A > B)

A—B
A—B

Assp (~Elim)

~Elim 3-5, 3-8

Assp (~Elim)

~Elim 3-5, 3-8

Assp (~Elim)

~Elim 3-5, 3-8

Assp (~Elim)

~Elim 3-5, 3-8

Logic Self-Taught — Unit 13. Natural Deduction Proofs (V)

s13-9



~Elim.11.
(a) Provethat: A

1.|~A-C
2.|Be~—D

o oA w
5
>

(c) Provethat: A < B

1. | ~(A *B) — (C+D)
2.|~-D+~B

3| | ~«(A+B)

4, C+D

5. D

6. ~D

7.|A+B

Pr.
Pr.

Assp (~Elim)
*Elim1

R3

~Elim 34, 3-5

Pr.
Pr.

Assp (~Elim)
—Elim1,3
*Elim4
*Elim 2

~Elim 3-5, 3-6

(e) Provethat: ~(A v B) [wersaA]

1. |[A>C
2 |B—>~D
3. | ~Ce~D
4, AvB
5. A
6. C
7. ~C
8. ~A

9. B

10. ~~D
11. ~D
12. | ~(A v B)

Pr.
Pr.
Pr.

Assp (~Int)

Assp (~Int)
—Elim1,5
*Elim 3

~Int 5-6, 5-7
DS4,8
—Elim2,9
*Elim 3

~Int 4-10, 4-11

(b) Prove that: ~C

1| ~Cv(Bv~C)
2. | -B

No o k~w
(o8]

(d) Provethat: C

1. |~-C—>-~B
2. | ~A+(~-B—>B)

NOo oA~ W
!
w
l
w

C

Pr.
Pr.

Assp (~Elim)
DS1,3
DS3,4

R2

~Elim 3-5, 3-6

Pr.
Pr.

Assp (~Elim)
—Elim1,3
*Elim 2
—Elim4,5
~Elim 34, 3-6

(e) Provethat: ~(A v B) [wergaB]

1. |A->C

2. B—~D

3. | ~C+~D

4, AvB

5. A

6. C

7. ~C

8. Ce~C
9 B

10. ~(Ce+~C)
11. ~~D
12. ~D
13. Ce~C
14. Ce~C
15. C

16. ~C

17. | ~(A v B)

Pr.
Pr.
Pr.

Assp (~Int)

Assp (VEIim)
—Elim1,5
*Elim 3

Int 6, 7

Assp (VEIim)

Assp (~Elim)
—Elim2,9

*Elim 3

~Elim 1011, 10-12
vElim 4, 5-8, 9-13
*Elim 14

*Elim 14

~Int 4-15, 4-16
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